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61211 Analysis

Aufgabe 1

a) (i) 1. ∀x ∈ R3 : ∥x∥ ≥ 0

Da ∥ · ∥2 und | · | Normen sind, gilt

∥(x1, x3)∥2 ≥ 0 und |x2| ≥ 0.

Also
∥x∥ = ∥(x1, x3)∥2 + |x2| ≥ 0.

2. ∀x ∈ R3 : ∥x∥ = 0 ⇐⇒ x = 0

�⇒�-Richtung:

Sei ∥x∥ = 0. Dann gilt

∥x∥ = ∥(x1, x3)∥2 + |x2| = 0.

Da ∥(x1, x3)∥2 ≥ 0 und |x2| ≥ 0, folgt

∥(x1, x3)∥2 = 0 und |x2| = 0.

Da ∥·∥2 und |·| Normen sind, folgt (x1, x3) = 0 und x2 = 0, also x =

x1

x2

x3

 = 0.

�⇐�-Richtung:

Sei x = 0. Da ∥ · ∥2 und | · | Normen sind, folgt ∥(x1, x3)∥2 = 0 und |x2| = 0.
Demnach gilt

0 = ∥(x1, x3)∥2 + |x2| = ∥(x1, x2, x3)∥.

(ii) ∀x ∈ R3 ∀a ∈ R : ∥ax∥ = |a| ∥x∥

∥ax∥ = ∥(ax1, ax3)∥2 + |ax2|
= ∥a(x1, x3)∥2 + |ax2|
= |a| ∥(x1, x3)∥2 + |a| |x2|
= |a|

(
∥(x1, x3)∥2 + |x2|

)
= |a| ∥x∥
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(iii) ∀x, y ∈ R3 : ∥x+ y∥ ≤ ∥x∥+ ∥y∥

∥x+ y∥ = ∥(x1 + y1, x3 + y3)∥2 + |x2 + y2|
≤

(
∥(x1, x3)∥2 + ∥(y1, y3)∥2

)
+
(
|x2|+ |y2|

)
=

(
∥(x1, x3)∥2 + |x2|

)
+
(
∥(y1, y3)∥2 + |y2|

)
= ∥x∥+ ∥y∥

b) (i) Es gilt
√
x2
1 + x2

3 ≤
√

x2
1 + x2

2 + x2
3 und |x2| ≤

√
x2
1 + x2

2 + x2
3, da:

1.
√

x2
1 + x2

3 ≤
√

x2
1 + x2

2 + x2
3

⇐⇒ x2
1 + x2

3 ≤ x2
1 + x2

2 + x2
3 ⇐⇒ 0 ≤ x2

2

2. |x2| ≤
√
x2
1 + x2

2 + x2
3

⇐⇒ x2
2 ≤ x2

1 + x2
2 + x2

3 ⇐⇒ 0 ≤ x2
1 + x2

3

Wir wählen c1 = 2 und daraus folgt:

∥(x1, x2, x3)∥ = ∥(x1, x3)∥2 + |x2|
≤ ∥(x1, x2, x3)∥2 + ∥(x1, x2, x3)∥2
= 2 ∥(x1, x2, x3)∥2

(ii) Wir setzen c2 = 3.

Es gilt
√
x2
1 + x2

3 ≤ 2 ∥(x1, x2, x3)∥∞ und |x2| ≤ ∥(x1, x2, x3)∥∞, da:

1.
x2
1 + x2

3 ≤ 2max{x2
1, x

2
3} ≤ 2max{x2

1, x
2
2, x

2
3} = 2 ∥(x1, x2, x3)∥2∞

Demnach gilt
√

x2
1 + x2

3 ≤ 2 ∥(x1, x2, x3)∥∞.

2.
|x2| ≤ max{|x1|, |x2|, |x3|} = ∥(x1, x2, x3)∥∞

Daraus folgt:

∥(x1, x2, x3)∥ =
√

x2
1 + x2

3 + |x2|

≤ 2 ∥(x1, x2, x3)∥∞ + ∥(x1, x2, x3)∥∞
= 3 ∥(x1, x2, x3)∥∞
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